The concept of flame stretch is extended to study stationary premixed flames with a finite thickness. It is shown that the analysis results in additional contributions to the stretch rate due to changes in the flame thickness and due to density variations along the flame. Extended expressions are derived that describe the effect of stretch on variations in scalar quantities, such as the enthalpy. These expressions are used to determine local variations in the flame temperature, and it is shown that known results are recovered when a number of approximations are introduced. The extended stretch formalism might be useful to analyze and quantify the different flame stretch contributions and their effects in numerical flame studies. Finally, the different contributions to the total stretch rate and the effects thereof on the flame stabilization are numerically computed for the flame tip of a two-dimensional Bunsen flame as illustration.
INTRODUCTION
It is well known that deviations from pure one-dimensional flow and transport in premixed flames, such as flame curvature and nonuniform flow along the flame, might lead to local variations in flame temperature and mass burning rate. These stretch effects were first studied by Karlovitz [1] to describe flame extinction. Subsequently, Lewis and von Elbe [2] used flame stretch to study flame stabilization. Markstein [3] investigated the influence of stretch on flame front instability. Since these early publications, significant progress has been made in the understanding of flame stretch, and in particular, the structure and propagation of stretched flames have been studied in numerous papers.
The generally accepted definition of the flame stretch K, first given by Williams [4] , reads
i.e., K is the fractional area change of a small area A in the flame surface, which moves in this surface with a tangential velocity equal to the local tangential fluid velocity. This definition of flame stretch only holds at the flame surface. Practical expressions for K, based on kinematic considerations, are given by Buckmaster [5] and Matalon [6] .
In the analysis of stretched flames, relations between flame temperature and burning velocity on the one hand and flame stretch on the other hand are derived. A rigorous mathematical analysis of stretched flames, based on matched asymptotic expansions, is given by Matalon and Matkowsky [7] . In [8] , Buckmaster derived a relation between the burning velocity and stretch for two examples of stretched flames. An integral analysis of flame stretch is presented by Chung and Law [9] .
The significance of stretch for premixed flames is controversial. In [5] , Buckmaster gives a critical assessment of flame stretch. He claims that flame behavior does not solely depend on flame stretch because of the following reasons. First, heat transfer in a flame cannot only depend on the local value of flame stretch defined at the flame surface, but it must also COMBUSTIONAND FLAME 110:54-66 (1997) FLAME STRETCH FOR STATIONARY PREMIXED FLAMES 55 depend on the stretch in the preheat zone. Second, also, variations in the preheat zone thickness are of importance for the heat transfer rate. Finally, the burning velocity does not only depend on flame stretch, but also on the Lewis number Le of the flame. This last observation is confirmed by Law [10] , who asserts that flame stretch can only influence flame response in combination with preferential diffusion effects.
As the existing theory is not directly applicable to numerical flame studies, we approach the problem in an alternative way. Regarding Buckmaster's objections, we define our flame stretch in the flame region between the burnt and unburnt gases, comprising the reaction zone and the preheat and reactant diffusion zones. In this flame region, we can identify iso-lines of a suitably chosen variable Y. The new flame stretch is then defined in terms of the mass flux along these lines. It will turn out that flame thickness variations are included in our stretch definition. The method is restricted to stationary 2D flames for the time being.
We believe that our definition of flame stretch has a sound physical basis because it is based on the mass conservation equation and no serious assumptions are made. On the other hand, the existing theory of flame stretch is always based on assumptions such as the existence of a single reaction with one Lewis number or the applicability of perturbation theory. The classical theory is therefore of limited value for numerical combustion studies with complex transport and complex chemistry models. Numerical flame studies are our primary interest, and it is our aim to apply the extended theory to study the importance of flame stretch on the mechanisms of flame stabilization. We like to emphasize that it is not our purpose to give a final assessment of flame stretch, but instead to present a new approach which could be used in the analysis of stretched flames. As an example, we apply our stretch definition to the integral analysis of Chung and Law [9] .
The contents of the paper is the following. In the second section, our flame stretch definition is introduced, starting from the mass conservation equation. Our definition of flame stretch contains the strain rate of the tangential velocity along the flame surface, as in other studies [1, 3, 7, 9] . Moreover, additional terms due to density variations along the flame surface and flame thickness variations are also incorporated in our definition. The influence of the stretch field on the behavior of some scalar variables is studied in the third section. In particular, we have applied our stretch definition to the enthalpy equation in order to investigate the relation between the local flame temperature and the stretch field. As an illustration, in the fourth section, we have computed the different contributions to the flame stretch rate for the flame tip of a two-dimensional Bunsen flame numerically. Finally, some conclusions are formulated in the last section.
THE NEW FLAME STRETCH DEFINITION
Consider a 2D stationary flame "front" in a premixed gas mixture, defined in terms of a given scalar field Y, which might be the temperature or the mass fraction of any species in the flame for the time being. We assume that flame front "contours" correspond to iso-contours of Y (see Fig. 1 
Note that the e(unit vector can also be defined in the opposite direction. In this paper, we choose Yr > 0. It is something to realize that diffusive transport of the scalar quantity Y is always directed in the e, direction, i.e., perpendicular to the local iso-contours of Y. However, the local velocity vector v is generally not in the % direction. This means that variations in the convective transport in the e e direction might introduce local distortions in the behavior of Y through the flame, compared to the behavior in cases where the convective and diffusive transport directions are parallel (such as in perfectly flat, cylindrical, or spherical flames). Following this reasoning, we define the generalized stretch rate in terms of the convective transport contributions in the e¢ direction. To compute these convective transport terms in the ee direction, the conservation equation of mass will be analyzed. Consider the continuity equation V. (pv) = 0 in the ( f, r/)-coordinate system of Fig. 1.   ) heh, --~(pveh n) + -~(pvnh e) =0, (4) where p is the mass density and v = v ee e + v,e, is the velocity vector. Furthermore, h e and h,7 are the scale factors of the ( f, r/)-coordinate system, defined by he= 10r/0fl and h, 7 = 10r/ar/I. The scalar stretch field K(f, r/) is now defined as the term in Eq. 4 which gives rise to transport in the e e direction divided by p, i.e., (6) ph e Of Let a denote the angle between e e and the positive x axis; then it is easy to see that
with s e the arclength along the contour f = Const and C e the curvature of this contour. The radius of curvature /~e of the contour f = Const is defined by 1 /~e = IRel with R e = C7"
Using 7 and 8, Eq. 6 can be rewritten as
ph~ @ R~
This equation for the flame stretch field is an extension of the expression
which can be derived from the conventional definition of stretch in Eq. 1; see, e.g., [5, 6] . The first term in Eq. 9 arises in case of a nonuniform mass flux along a flame "contour" 77 = Const. It should be noted that density variations along a flame "contour" are neglected in the analysis of other authors. The first term in Eq. 9 then reduces to K a. However, in real flames, the contours r/= Const generally do not coincide with isotherms because stretch induces local differences in flame temperature. The second term on the right-hand side of Eq. 9 can be viewed as a curvature contribution due to local variations in flame front thickness. This term is not present in the analysis of others. That the variation in flame thickness indeed gives a contribution to the stretch rate as presented in Eq. 9 can be shown by considering Fig. 2 . In this figure, we analyze the special case of a uniform flow through a hypothetical flame with flat 77 = Const contours and circular ~: = Const contours, so that we find a zero stretch rate K, = (1/h¢)(`gvj`9~) = 0 when formula 10 is used. We now estimate the frac-
piece of a flame contour A with constant ~/, caused by differences in convective and diffusive transport in the flame. In Fig. 2 , it is observed that the flame thickness is not constant, so that R¢ is finite. In 
This shows that the last term in Eq. 9 is indeed related to stretch effects due to flame thickness variations.
In Fig. 3 , we present the general case with nonuniform flow, flame curvature, and flame thickness variation. In this figure, we introduce the convective transport cell ABFE and the diffusive transport cell CDFE. We will show that the stretch rate K(s c, 7/) defined in Eq. 9 can be interpreted as the total fractional area change of a part AB of an arbitrary flame contour with constant -q, due to convection in ABFE and diffusion in CDFE. Note that we speak of the area of AB, while strictly speaking, we mean the length of AB. First consider the convective cell ABFE. The line segments AE and BF are streamlines and AB and EF are flame contours a distance h, dT/= c,, dt apart. Due to conservation of mass in ABFE, it is clear that (pv,TA)( ~ + dr t) = (pu, A)(~), from which we can conclude that
Substitution of drl = v, dt/hn into (12) and letting dt ~ 0 gives the following expression for the fractional area change of AB due to convection in ABFE:
In the diffusive cell CDFE, the parametrisations of the line segments CD and EF are 
The fractional area change due to diffusion in CDFE can be easily derived from Eq. 14 whenever dt ~ 0:
Adding the two fractional area changes of Eqs. 13 and 15 then gives, for the total fractional area change,
This analysis shows that our definition of stretch indeed includes those terms which give rise to flame area variations for convective and diffusive transport. The only mathematical restriction is that Y has to be a monotonous field without local extrema in order to be able to introduce a well-defined (~, r/)-coordinate system. This eliminates the possibility to use the mass fraction of intermediate species in the flame for Y. Also, it seems to be unwise to use the temperature for Y because local temperature variations along the flame contours induced by stretch effects may be of interest. Any other choice, i.e., the mass fraction of one of the main species, is possible. In our case, it seems most obvious to use the mass fraction of fuel for Y. The position of the flame contours then depends on the amount of fuel already consumed in the combustion process.
FLAME STRETCH AND THE CONSERVATION EQUATIONS
It is well known that stretch has important effects on the local behavior of flames through local variations in scalar quantities, such as the (flame) temperature. In this section, it will be shown that the terms in Eq. 9 which arise from a nonuniform flow and from flame thickness variations are precisely those contributions which induce such variations in the behavior of Y and in the other scalar fields of the flame. As an example, the effect of stretch on the flame temperature will be studied, and it will be shown that the theory gives identical results as the analysis of Chung et al. [9] when a number of assumptions and approximations are introduced. For that purpose, we will study the conservation equation of the scalar quantity Y in the coordinate system of Fig. 1 .
We start from the mass conservation equation 4 again. The total amount of mass which enters or leaves the diffusive cell (hatched area in Fig. 1 
V~ being the diffusion velocity of species i.
After introducing the constant Lewis numbers
Le i = ( A// pDimCp), Dim being the diffusion coefficient of species i in the mixture, the equation can be written as [13] 
When Eq. 5 is used, Eq. 30 evolves to
The left-hand side is again a "ID" conservation equation in the e n direction. Distortions from local 1D behavior are gathered on the right-hand side. Most convective enthalpy fluxes are now combined in the pKH term. We now continue with integrating Eq. 31 through the flame from 7/= ~/~ to ~7 = ~b: 
( pvnh~H) b -( pvnh~H) u = -( "b ( pKH + Q)h,h n dr I

Hb-H"= (pvnh¢)u f'nu [pK(Hb-H)-Q] ×h¢h n drl.
(33) Equation 33 is our final equation, which can be used in numerical computations to study the effects of flame stretch on local variations in the flame temperature. In the remainder of this section, we will derive an approximation of Eq. 33.
When it is assumed that the composition of the mixture at the "unburned" flame boundary 7/=~u is equal to the composition of the related stretchless flame with which the behavior is compared, we have Hu = H ° = H °, so that
H a -H, =H a -H~ = cp(T a -T~).
(34) Note that cp is taken to be constant. The last step in Eq. 34 follows from the fact that local enthalpy variations mainly introduce temperature differences; changes in the mixture composition have a smaller contribution, especially in lean mixtures. In Eq. 34, T o -Tb°is the local deviation from the undistorted adiabatic temperature T ° .
In the weak flame stretch limit, we may. assume that the dimensionless stretch rate K = Kfnn~h,7 drt/vn~ u is small enough so that terms of order K 2 and higher are negligible in Eq. 33. The contribution of the parallel diffusive fluxes of, for instance, the temperature ( A/h ~)( 0 T/0~ ) compared to the parallel convective flux pv¢cpT are small for weakly stretched flames as OT/O£ ---> 0 when K --> 0. That OT/O~ is indeed small also follows from the numerical illustration in the next section, where it is shown that the density variations along the flame (directly coupled with the tangential temperature variations) are very small. From the above, it is reasonable to assume that terms like (O/O~c)(A(hJh~)(OT/O~)) are small compared to (O/O~)(pvehncpT)= pKcpTh~h n. This indicates that IQI is negligible compared to I pKHI. Numerical data of the flame tip, discussed extensively in the next section, have shown that the Q term gives a contribution which is 2-3 orders of magnitude smaller than the pKH term. We therefore neglect the Q term in the following.
For weak stretch rates, we may restrict ourselves to the lowest order /~0 contribution to calculate lib-H on the right-hand side of Eq. 33. This means that, when integrating Eq. 31 over rt from 7/ to rtb, we may neglect the term pKH + Q. This gives
A h~ OH ( pvnh~H) a -( pvnh~H) + cp h n Ort
In this expression, Hi has been replaced by the dominant part Hi °. The contribution arising from fc_ idT can be neglected in hydrocarbon flames [1'7] . From mass conservation, we know that 
and an equivalent relation for H(r/). When these equations are differentiated, we find
and
Equations 34, 37, 39, and 40 are now substituted into Eq. 33. The term arising from aH/Ort is proportional to H b -H u, and is therefore of O(/~ 2) in Eq. 33 and is neglected. We thus finally have N.,0(1 )
where the Karlovitz numbers Ka(Le i) are given by
This expression indicates that the local stretch rate pK has to be multiplied with an exponential factor in numerical studies, so that the contribution of pK in the cold part of the preheating zone is damped and the predominant contribution to Ka(Lei) is found near the reaction zone. This demonstrates that flame stretch throughout the whole preheat zone influences the flame temperature, in agreement with Buckmaster's remarks [5] .
In most analytical studies so far, a one-step reaction is used. To show that we arrive at the same result as Chung, we finally consider only one chemical species (e.g., fuel) with one Lewis number. Further, assuming that 0
for Eq. 41. Note that Eq. 43 can also be found from Eq. 41 in case of multispecies combustion, when oKhe = (pKhe)u is constant in the range ~7, < ~7 < 7/b, SO that the integral Eq. 42 reduces to the usual definition for the Karlovitz number Ka(Lei) = Ka(1) --KSf/vn, ~. The effective Lewis number Le, taking into account the combined effect of all species which have an impact on diffusive energy transport in the flame, is then found by equating Eqs. 41 and 43:
The result 43 is equal to the result of Chung. The analysis shows that Eq. 25 gives identical results as the analysis of others when the appropriate assumptions are used.
ILLUSTRATION: FLAME STRETCH IN THE TIP OF A BUNSEN FLAME
As an illustration, we will compare the typical order of magnitude of the different contributions to the stretch rate K in this section. The contributions are determined for the tip of a stationary premixed Bunsen flame on a multiple-slit burner. This study gives an indication of the importance of the corresponding terms on the flame behavior and flame stabilization of the tip. The burner slits have a width of 4.0 mm and a burner wall thickness of 0.4 mm. A stoichiometric methane/air mixture enters the computational domain with a parabolic velocity profile and a maximum velocity of 0.8 m/s. The stoichiometric methane/air flame on this burner is computed using the 2D flame code developed by de Lange and Mallens [11, 14] . This code uses a one-step chemistry model; the stream function/vorticity formulation for the flow field and the combustion equations are discretized on an adaptive locally refined grid. This code is validated extensively for 2D atmospheric premixed methane/air flames [11, 14] and is suitable to model the global flame structure, flow field, and flame stabilization [16] accurately. The mass fraction of fuel Yf, is used as the scalar quantity Y to define the stretch rate. For K, we may write
where K a is the usual stretch rate (given by Eq. 10). Furthermore, K b and K c are given by It is clearly seen that, although the flow divergence term u x is not negligible, the curvature part has the most significant contribution, which is also concluded by other authors, such as Law [10] and Poinsot [15] . It should, however, be noted that Rn shows large variations through the flame. This indicates that the simple formula K = -v/Rf is valuable to approximate the stretch rate in a flame tip when the correct value for the flame tip radius Rf is used.
The stretch rate K near the upstream boundary of the flame tip, where the tip radius Rn becomes smaller than the grid spacing, is not shown in Figs. 4 (1) are presented in Fig. 6 . Note that this figure indicates that the exponential damping of the preheating part of the stretch rate is essential. For the Karlovitz number, we find Ka(1) -0.3 in the tip with Eq. 42. The computed value for Ka does not appear to be very sensitive to variations of the Lewis number Le, from 1. The contribution of the curvature part uYx, is again dominant.
To quantify the importance of flame stretch on the flame temperature and the tip stabilization in our case, we computed the effective Lewis number Le from Eq. 44 for the case of our one-step chemical model. The effect of Ka on the local mass burning rate, expressed by [9] 
T, = 16,000 K being the effective activation temperature, is also expected to be small because the computed values for Ka and Le Fig.7 .From this figure, we clearly observe that p v n approaches the above computed value for the mass burning rate PbSL, b near the reaction zone, although the mass burning rate in the upstream part of the flame is still quite large, pv n = 1.2 kg/(m 2 s). It is therefore concluded that flame stretch has a very small contribution on the stabilization process in the flame tip. It is striking to observe that, although the contribution of the flow straining term u x in K is not large, it is primarily responsible for the tip behavior of this flame. It is the u x term which, induced by hydrodynamic effects, is responsible for the steady decrease of p v n through the tip.
CONCLUSIONS
The flame stretch concept has been extended to the case of 2D stationary flames with a finite flame front thickness. Additional terms due to density variations along the flame and flame thickness variations appear. The generalized formalism is applied to study the local variations in scalar quantities, such as the enthalpy and flame temperature. On this basis, it appears to be possible to derive generalized equations for these variations, starting from the conservation equations. Furthermore, these generalized equations reduce to known expressions when a number of approximations is introduced.
Finally, the order of magnitude of the separate terms is computed for the tip of a Bunsen flame as an illustration. The contribution to the stretch rate arising from density variations along the flame contours appears to be negligible in this case, while the term caused by flame thickness variations has a nonnegligible contribution. It is shown that the Karlovitz number is not large, and that the effective Lewis number is close to 1, so that flame stretch has a small effect on the local temperature and mass burning rate for the particular flame studied. The stabilization of the tip seems to be dominated by hydrodynamic effects, in particular by the flow straining term u x, which induces a steady decrease of the mass flow rate through the tip. The importance of flame stretch may be different in other flame geometries.
We believe that the proposed method is a valuable tool to quantify the contribution of different effects on the local flame behavior in numerical studies, such as the stabilization of flames on burners. The theory will be applied to the study of the stabilization and blow-off of inverted flames and flames on Bunsen-type burners in the near future.
